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ABSTRACT 


The purpose of this thesis is to study notions of 
homotopy and fibrations in arbitrary categories. The basic 
approach taken is that of homotopy systems first defined by 
Kan. For topological like categories homotopy systems have 
been studied by Kamps via semi-cubical complexes. Other 
standard approaches taken to homotopy include those of Bauer 
and Dugundji via classes of morphisms, which we compare with 
homotopy systems and those of Ringel via diagonalizable pairs 


of morphisms. 


Most’ of*chapterytconsists Or a” brief mtroduction 
to category theory including definitions, terminology and 
some basic categorical results needed in the remainder of 
this thesis. The chapter ends with an introduction to homo- 
topy and fibrations in a general categorical sense via natural 


equivalence relations. Some results on these ideas are given. 


Chapter II consists of an introduction to homotopy 
systems and the resulting homotopy relations, fibrations and 
cofibrations following the method of Kamps. Basic properties 
are given and many examples, some new, are explained to show 
the generalities and potential of taking homotopy systems as 


the "proper" approach to the study of abstract homotopy. 


Chapter III is devoted entirely to a systematic 
development of the Eckmann-Hilton injective homotopy theory 
for modules in terms of a homotopy system. We show that we do 


regain the usual injective homotopy relation and the injective 
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fibrations from this homotopy system. 


The categories of fractions, M - homotopy and M - 
fibrations of Bauer and Dugundji are introduced in chapter IV. 
Relationships between categories of fractions and M - homotopy 
categories are developed and also between M —- homotopy cate- 
gories and the homotopy categories determined from homotopy 
systems. Lt ERS M - fibrations and fibrations from homotopy 


systems are compared. 


In chapter V cohomotopy systems are defined and 
relationships between homotopy systems and cohomotopy systems 
are developed. In particular when the two functors involved 
are adjoint the systems are shown to be equivalent. The same 
Situation results in the case of cones (weak triples) and paths 
(weak cotriples) when the functors are adjoint. The relation- 


ship of adjointness to M - homotopy is also investigated. 


Chapter VI consists of a detailed description of 
homotopy systems in additive categories. It is shown that homo- 
topy systems are equivalent to pre cones while natural homotopy 
systems are the same as cones. Assuming cones then the study 
of homotopy systems in additive categories is similar to the 
study of certain classes of objects, in particular contractible 
objects defined via the cones. Jfor example in the Eckmann- 
Hilton injective homotopy theory for modules the contractible 
objects are the injective modules. These homotopy categories 
are also compared with quotient categories or categories of 


fractions. 
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CHAPTER I 


BASIC CATEGORY THEORY AND TERMINOLOGY 


ce -LHELOdUCTION; 


This chapter contains a brief introduction to 
category theory, including the definitions, terminology and 
some basic results needed in this thesis. Sections two 
through five contain standard material which can be found in 
any introductory book on category theory, in particular Mit- 
chell [14]. The sixth section is an introduction to homotopy 
and fibrations in a very general sense and contains some ele- 


mentary results on these two notions. 


1.2 Categories - Special Morphisms and Objects. 


Ai e@atedorussa tena Class Of objects: ..A,B..2**;xuy,,°** 
denoted by |A| together with a disjoint family of sets 
Hom(A,B;A) or H(A,B) . one for each pair of objects. The 
elements of H(A,B) are called morphisms from A to B and 


> B . Furthermore for 


for £ « H(A,B) we write f: A 
each A,B,C e« |A| and morphisms f « H(B,C) and g « H(A,B) 
there exists a uniquely defined product (composition) f°g or 


fg « H(A,C) and this product has two properties: 
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(i) It is associative; if we have h: A 


ges S @avandact a: ne Sept, then 


(fg)h = f£(gh) . 


(ii) “Por-each+ Ac TAle ; there is a 1, € H(A,A) such 
tiat for each “£ « H(A;B) ,; 1, oe (= fF, =. £ 0 1, : 


Certain morphisms in a category A _ are of special 
interest. A morphism f£ is said to be an epimorphism if 
of = BE.~.implies...ds=.8.;. f-.is.a.mouomorphitsm if fa = ££ 
implies a= 86. A morphism f is said to be a retraction 
(eorervaction) At tt yis right (lert) invertible, i.¢., there 
Sue LsS Aamir ten. ait. J esuch that cla, =u. (Evin = Ly, 
where 1 is the identity morphism. A morphism which is both 
a retraction and a coretration is said to be invertible or an 
tsomorphism. If f£ ¢€ H(A,B) is an isomorphism, the objects 


A and B are said to be tsomorphic, A=B. 


Certain objects are also of special interest. An 
object 0 ina category A is said to be a null (conulk) 
objeet for A if H(A,0) (H(0,A)) has precisely one element 


for Gach®@AscpAciend “25 chlledva Zero obgoeet* fer A*satsat 


is both a null and a conull object. In this case a morphism 


A > B which factors through 0 is called a zero morphism. 
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We remark that JT , the category of topological 
Spaces and continuous maps has a null object, the one-point 
space, a conull object, the empty space, but no zero object. 
Thus we usually restrict ourselves to T, , the category of 
topological spaces with base point and base point preserving 
continuous maps, for there the one-point space is a zero 


object. 


1.3 Some Constructions in Categories. 


pi ee Sat > B and g:A > C be morphisms 
in a category A. An object Q together with morphisms 
ft: € > © and <g' = B > 0 
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Pushouts and pullbacks are unique up to isomorphism 
if they exist. We say that a category has pushouts if the 
pushout of every pair of morphisms with the same domain exists. 


This applies similarly for pullbacks. 


Leb. tick A > B be a morphism in a category 
with null object and pushouts. Then the cokernel of €£ , 


B/f£(A) , is defined by the following pushout diagram: 
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Similarly if A has a conull object and pullbacks we define 


the kernel of a morphism as a pullback. 
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eT be a family of objects in an arbitrary 


category A . A product for this family is an object A 


together with a family of morphisms {p; 7: A > Aad, with 


the property that for any other family tr : A’ > Av ties 


>A such cehake 


there is a unique morphism f=: A' 


Py 


denote the product, A , by II A; and the unique f£ into 
Léel 


a a f. EPOrca dhs shine? ioe we Cad L PD the projection and 


the product by i axel et we Tlf “I “tsa finite Ssét we denote’ f 
by {£,,f£5,---,f,3} : 
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P.4 Additive Categories =*Injeotivity. 


An arbitrary category A is said to be additive if 


(i) H(A,B) is an abelian group, for all: A,B <« j/A| -. 
(i: 3.) The composition of morphisms is bilinear. 
(iii) There exists a zero object. 


(iv) Finite products and coproducts exist in A. 


In an additive category every finite product (copro- 


dices a ‘couroduce’ (product). 


An additive category is said to be abeltan if every 
morphism has a kernel and a cokernel, every monomorphism is 
the kernel of some morphism and every epimorphism is the coker- 


nel of some morphism 


An object Q ina category A is called injective 


if for any diagram 


NI 
Ww --—-—->+0 


2 
Pre 8 


 &2i-+eagieg? wd, edemes em Fea stint 6 at 2 Say 
A . _ : | 5 a 7 AL 


ti sustibbs sd of bhee ai A yropss6o- yaBtsidxs ah A oo) 
a 
ef 


|A| > @,A fe 102 \G@uomp netfee as ai. (HAH { 


a = 


-xsenitid et 2tigidgxom 70 mottteogmos saP ” (it) 


.Joafdo o79eN 5 ateixe sted? (kik) 


A nb saaxe esouboxrqoo bas esouboxg esinit (va) 


tana souboxg ipknat veve -yropesss svisiope a8 ic? 
. (ouboxq) acest 5 ad od 


i 


yieve tf nohiads sd of fine ai . yuopedso evisibbs aA - 
ak mlitqsononom Yasve ytemisios 8 bas Loose sax aebigig 
-1sH00 bei ei eeecknatitd Maeve fas fia a omoz Pe. isasot os 


mai dezoin omos to fen * 


(ae 
=" 


seseoat belive ss... A “ wropevs0 6 ak 9 spsbde ae i 
Rios & - Aly al da is. on ol ah Jai SS yes x02 sa 


where A > B is a monomorphism, there is a morphism 


B 


> Q making the diagram commutative. 


We say-that a category —A—has injectives if for 


every object) Awjin) A there ds an injective object Q in A 


and a monomorphism A PAO 


1.5 Functors - Naturality, Equivalence. 


Let A,B be two categories. A covartant functor 


Tee. aA 


> 6. 2S an assignmence of ahn-object T(A) in §B ‘to 


each object A in A , and a morphism T(f) : T(A) Sr (3) 


in 56 ‘to Gach morphism f°: A > B any A, subject to the 


following conditions: 
(i) TL) laa) jn. fomeeach A cslAl, 
(ii) T(feg) = T(f) ° T(g) , Whenever the morphism feg 


is defined in A 


>> B.. an 


If in the above to each morphism f£: A 


> TIA), gt, 8B 


A there is assigned a morphism T(f) : T(B) 
and (ii) js replaced by (41). T(fog),= F(a), >7 (8) sg whenever 
the morphism ;jfeq isedefined jn A. phen, I 2, is termed a 


eontravartant functor. 


maitiquom s ak overt via irq tomonomt 6 al- “a> ails a 4 f 


.svisasummos mexpelb oe: paiaem Qa a 


1ot 21 agus eehiy ext. he Wiegecne: * teas yse ou. 
bh mk Q s0atdo evisostnt m6 ai sxond A mi A spbide yieve 


— SOs ORNL Sawsaaeds A aia ows wt BK sou | 
of: &@ mi (A)T: sosido- as to jnommpizes A&B ak 8 cee NA i ‘=; a 
(Aya : (aye mevigeromn 6 bas , A nt A iseobde done | 
ar jod SORLIE ME, Men ae meidasom done of Bak 


"encksibaes pniwollo® 


iM 5h lose x02 fare = (tem) te 


(BPE < 


eet _meddqzom oft seveney WE r= ene Gh 
hee ik ai onto ae *y 


i : ort 


10m oo Ot svods qt sk, 31 
ar : at meen ‘6 bonpiees wt exes A 
1svensriw » GT» ore = eae i'(4£) yd Beoslqex ai (24) ae 
Pern ai ov. naa « a fb bento Si ped meisiquom edt : 
7 


ai @ <—— A: iat’ maida 


“8 th (apr < 


states tap iypepss xO 


=. 
1 


met (SYTG) A > B be covariant functors from a 


category A toacategory 8 . Suppose that for each object 


A in A we have a morphism n(A) : S(A) Se (AG). en 


such that for every morphism f£: A 


diagram 
n (A) 
Se) >) 
SE) ~ ) 
S(B) —————>_ T (B) 
n (B) 


is commutative. Then we call n a natural transformation from 


S, to TT sand we write ns > fT ; “RE nA) © is-anm isonor- 


phism in 8 for each Ac |A| then n is called a natural 
equtvalence. In this case we nave a natural equivalence 


nt cat > S defined by (n77) (a) = (n(ay) 72 : 


Be Une einetol, (ajc) See Uk > U are natural 


hy 6 2S ee 


> B covariant 


transformations of “functors: for. S;T,U.*: A 


functors, then we have a composition pn: S > U defined 


by, (on) (A) = p(A).« n(A) . For any functor T \we have,the 


identity transformation lp»: T > T given by 1, (A) = 1a (a) 


Pir Sills Risa Ale TE wy i iA oe ee ee > C and 
he & > T , then we have a natural transformation 
Uns taWS > UT defined by (Un) (A) = U(n(A)) for all 


> TV 


—> A ,. then... nv_:SV 


Avead Ale. ¢Similarly, ifg Vex 2 


5 | P ; ‘ ~ ; 
6 mMoxt axosonnt snsixeves od a sane nhs Tye ted, td 
tostdo dose +08 serit saoqaue sy Adi | 


(aye + (Ayn meirigzom s eved ow: ‘V 
edt . A. ak AoA a iaason vei 2a 


3 at, (AT < 


wy (Abn. 
. CAPE < = 


(+)2 


(a 


moxt soso Yann Toseen is. on eo ow saith -9VisssummeD 2 ] 
—“Tomeel ms 2f (ayn ae toe ef. sew ow Sas 2 ee 
Vaud nit & beiisos ai ff “natis yay 3 A doss tot 4 Gi. 
sametieeas issue B poe ow apap ekds ai Y piteupieet 


a ees XG bonito aco + ei 4 


Gesuiden ons loeerei. 4 baw eee 31 


snsitsveo a A A : UT 2 tot ex0sonu2 to enoissmrotengey — 


; pub 


Neiaaigti s ecte 2 a na 1 (Roivieoqmes s eved ow. neds - .exotonut (ee 
| Le al - ante a (an tay vd 


| ‘T todonm® yas 107 - oe 
cai s eh We mae ceed 


deagiven bys AnV¥) AD) =) n4dV(D))«;.fornall, D,<«.|0} . 


> B is called an tsomorphtsm 


As ‘eumetor, |S. 7A 
between the categories A and 8B if there exists a functor 


i 


1D ytieb >» AA With, ST 


B and TS = 1, . In this case 


the categories A and 8B are said to be isomorphic. 


Mtunctor 6S 4 A > B is called an equtvalence 


between the categories A and 86 if there exists a functor 


oa > A and natural transformations nn : 1, > TS 


ana 0) 1, > ST . In this case the categories A _ and 


B are said to be equivalent. 


1.6 Homotopy and Fibrations. 


In this section we give an approach to homotopy and 
fibrations based solely on "natural" equivalence relations. 
Although this is much too general to take as the "proper" 
approach to the study of homotopy and fibrations in arbitrary 
categories, it does have some interesting properties and gives 


a good introduction to the subject. 


If A is any category, a homotopy on A isa 
natural equivalence relation, ~ , on each oft the’sets, ~H(ASB) , 
of morphisms between the objects of A . This means that ~ 


is an equivalence relation which is compatible with composition, 


that is £ ~ g implieS fh «= gh and kf ~ kg whenever fh 


7s 


. [S| a ffs sot. ((0) Ve = aeiatel i te 


a & sodsaut A 


meiigqromess as beliss ai 4d < 
xodonnt 6 ajeixe svedd Zi S (Bus 7, so coiamnah a 
gasd add ot . ,f = 8T Bua gi =e gqiiw he eth 


-disquomoel sd oF hise sis & bas A _esiropesst 


sonsipviups os befisn ek @ <- 


ac: et. 
sxosonu? & ateixe oxend ti 8 Bos. A -aatxopedea ails ¢ 
ee eS enoisamtotensxt aaudea Sos A Cee a! al A 
Bas A zoiroepssso edt 9259 eas nt ry oe mam va a 


“Sag surings ad od. or ne 7 


| on sia 


he 
‘bas yess 09 sosaiUER as SEG aw Ainkdoes aka ot a 
-enoitsisx saneleviupe ' "Istwgen" ag yletoe banes: 2notiaxdt®— 
“apgetny” edt. a6 eds ot Lewenep oot Howin ai eins riguodt IA 
Wiswtides ni enoktsrait Bas vaodomod to vbuse: edd of doso1ggs ey | 
) eoviy bas eeidtegorq eakdeexozat amoz Svs5ii #90b 31 eabzopsdso : 7 
| postdve ait 03 sortouborta oom 5 & 


Poe fe ‘a0 “yaetonas 5 svaopeitsa as ei. a? ne a re 
> (aay Ar ee to tose? ws i | , 
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enokt) sare -ierinica. hones ig * we ssay~thaw / ivi is. homotopic 


Lor Gg Wren iLespect- «coe et 


If a category A has a homotopy, ~ , the homotopy 
eategory of; A; with,xrespect.to ~ ,  A/~ , is the category 
whose objects are those of A and whose morphisms are the 
equivalence-elasses;ofjmorphisms,of, A ,unden +z... If, f£ is 
a morphism of A _, the corresponding morphism in A/~ is 
denoted by [f] . There is a natural projection functor 


failé 


> A/~ which is the identity on objects and sends a 
morphism to the equivalence class of that morphism, 1(f) = [f] , 


fore £ apmorphismein A... 7, is a covariant functor. 


Two objects A,B in A _ are said to be homotoptcally 


equtvalent if they are isomorphic in the homotopy category. 


> A 


This means there are morphisms f: A > BY -and gg = 3B 


Py AUeesuch that, Gqte~ 1, and fg~1, or m(gf) = 1, and 
T(fg) = 1, > .We wEite) Asm. B -. 


Proposition 1.1 (Universal Property of the Homotopy Functor): 


Let A be a category with homotopy ~ and natural projection 


funetor (ety 3) A SvAJ/e So ePhenvitl Tis <anysother vcovariant 
functor to a ‘category 6 ‘with the property that £ ~ g 
implies T(£) = T(g) for morphisms f£ and g in <A , there 


SD WLEN cao OL 


is @ unique covariant Functor, 21. ': A/~ 


oigotomod at 3 tedd yse ow p+ 3 10% - bala se | 
iad od fooassi i 


eyotemoh ont, + yydosomod s eed, A yo perso 6 ar 


Ytopetss oft ei , Nee see Seg toedzs% Agiw he 36 es 


does 


oe 2 2 «. <= eee A ie sme rireon to aseesto sone tsi y 


sit 976 emedirig:zom seotiw bis A to seons SIB atesido 


ef SNA ft ede ten paibnogesxx69 ey x A Yo maise 

159en02 aoijostoxg Lexisea 8 ai sxedT “2 a ye Be 

8 @bmse bas ezxoetdo nao gtaseee ont Bi ‘do Edw =\A PET + 

i = (a) aeedgzom tens to eealo eoneisviupe eds ot me. sai 

-tot5ani 3u5ixsVvOD 5B ei mW . A ft ‘ma istaxoh. 6 — 10t 

oe | i a Los , ae 
"NSseigotomod sd o¢ bine sas A ni in A asostdo own ta 


ee ydotomond sds af oteetinoat aici 


ea ze. ead ad < 


makarerowl ‘ered bas > ‘yeotonod dsiw yiopstes s od A fod 


‘gasizsves ieiso yan 2: T YE asd? N\A Sa AS oT Seen a 
BO 2 aedt yéxegezq od ngiw” 8 Yidpedso = 02 xesomu’ 4 


ones , A si p bas & ameistqxon sob. (ere (2)? astiqnd a 
Pen MD, iene A AONB Insianv09 eupbau & 24 


> B will determine 


Any covariant functor..F 2A 
a homotopy on A_ by demining ioe CO) (WRENnCYV Glare (iy) =F (9) 
and £ and g have the same domain and range. In this case 
welwcite (ft ¢g(F) 2) if (Fis a one-one correspondence on 


Ayes 


Wh 


objects and onto onmorphisms then clearly 8 


Homotopy Lifting Property. Let A be a category 


with homotopy, ~ , and natural projection functor 


iOyrey cA PA oA OL Ons Sm. ppv: PD etn) “hits pas 


Caltedjay = = (i prarronmaa ton al. ObjJeceS , % «dni» An wind) all 


Sabian Agiwith 


morphisms. £4,£44: 9X 


X > 
fer: 

there exists a morphism g' : X oo eee Waltny poe =f"! 
and. (9° = 6. Coneeriing these ~ - Librations we have the 
following two propositions: 
Proposition Fe: 

(i) Every isomorphism is a fibration. 

(ii) The composition of fibrations is a fibration. 


(Qiiy VAL) “trivial morphisins p :/E > * are fibrations. 


animistob Liitw 9 <--—)A >) LBV 
‘(pya-= (3) aa i pains Tob ve iY mo. waoush 
9@s0 aids al .9past bms pas ghee OMBe.. ae eel 2 bas be 
mo sonebanoyesi109 SHO-“SHO: O15 Bt 7% ag ayes ae one 


AA F 4 yisesfo neds amaiigron qo otto: ba ejoe 


- yopstso s.sd A tS ; i 
fousns2 notisstota eres: aa erie 
ic Sam ie matdqtom A 


ifs bas A ai xX esosido Its xox Es: wor yend = te) 


aa’ A “pti a < 


djiw A- Wk & « X32 . €@-<———.K% + Hise 
: Dn 4 uA ° ‘pie 
\ a 


<= | 


‘x = ‘pg — th a — x > p. meidquon 8 eters stent 
ada ove ow enoissidit - —- Suont pninrson0D + ps 'p brs 


 yenotsieogoxy ows pitwoliet 


= 


: er & @i t magsomoel eo % uth 
-noiseadit 5 at dao Te $o5 a ip : 
emabApaase s16 Bomae ss © i a / ' 


= . ‘3 di 
eae y 2 
eres a 
: ° Jims = 
| pes = i 7 ee) 
A er 7 a 


Proposition. 1.3: Bet” p 2 


(i) 


had) 


(303.34) 


> BB De) a Eiubration. “Ther 


If there exists s: B SMintwath-~ ps ~ 1 ,; 


then there exists s' : B > ho ewith ps* = 1 


BGee So ews. 


it pg = fp’ ain the following diagram 


peider tig homatcs 
P| |» 
£ 
B!' ——————————> B 
then there exists a g' : E' > E with 
porh wip hand ag ‘ewtarg>i- 


If there exists a commutative diagram 


O 8 
TER) ae ee 8 SS E > oe 
P : | 2 
u NV) 
iSync 8 © A os a = 


Witch: VEO oes) and) Vik = 1 Nene pS eals a fabra= 


ELON. 


The proof of these two propositions follows by an 


application of the definition. 


a ay eee tT 


won? .moidsidit s ed & — 


a:8 asakxs gx9dt a 
a@+-'e edeixe exes nods 


i eq dttiw as 


t= *eqg dtiw a < 
asa oe. 

i iced & 

mexpsib patwolfot sit mi “qt < sa. 


< matt 


< 


- po 'o bas ‘qi= eg, 


MS xi2p5Lib evitssummoo 5 adaixe ouodt 21 (ik) 


ag os 


‘a. 


5 ; ; a Gg ; ~ sp ‘ey 5 
~sudit s ei '‘q ned, [= liv bas {= 08 daw 


} i) 
| - i 5 + ; 


ey) he tS 


fe vel ewol Lot s0is teogoaa ‘ows, sandy to tookg! oa 


eae md to noi veci tags : ay 


CHAPTER II 


HOMOTOPY SYSTEMS IN CATEGORIES 


Pein LMeEroduceion. 


The method of considering homotopy and fibrations 
as being determined by a natural equivalence relation ina 
category is obviously very general and does not yield many 
interesting results. Thus we investigate specific methods 
of obtaining natural equivalence relations which will be of 
value and which will have as examples the usual homotopy 
notions that we are familiar with besides giving more examples 
which will show the generalities and potential of these appro- 
aches. We first introduce homotopy systems as defined by Kan 
[13] and studied with relation to "topological categories" by 
Kamps [10], [11] and, [12]. We conclude this chapter by 


introducing cones and contractibility into these systems. 


Pe Homotopy Systems. 


The definition and some of the examples given here 


may be found in Kan [13] and Kamps [10]. 
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II ASTIAHS . 
avINODSTAD #1 aMaTeve YeOTOMOH 


anoiszsidil bas ygotomon paiszsbienos 29 borisom “ett s 
6 ni noiseis: sonolsyiups Isivjea's yd bonimis3ab estos 2 a 
ynsm bloiy ton asob Bas iexsnoe qaev ylevoivde at | . 
aboritem ofiiosge aisptjesunt ow auiT as iuest pitt. $26 ae 

to sd iitw doidw enoitelet soneleviups teaut sa. wine 3 
xgosomod Isveu edt aeigmsxs as even: Ifiw Aoihw doinw>bas pare 
eslqmsxs siom pnivip asbiesd adiw seit ims Stk 9W. jedt enoisea 
“aaa sesit to rkishesee ‘bas sot ilexensp eds worte Lhiw dditiwe 
neh yd bonkteb a5 amaseye ‘Yaovonod: Ssoubotsni sexi ow 29898 
yd "2abxoposE9 Ispipologes® od noisslex ddiw boibuse. bas {ef} 
yd zetqsrio. eins ebuioncs ow {S01 bas ((£] , (02) eae. 
_ , emetaye sees otni Yiilidtdos23a09 bas. 29n00 pacoeeredr 


10H |S «S$ 


exon asvip palaubes edit. io omoe.bus aoieEHiaeb sit : 
ry aT. | ous a! UA 
-(0] eqmex bas [EL] newt at bayot od yom : 


~~ ia 


Definition 2.1: Let A be a category. A homotopy system in 


> 2 


A is a quadruple, z= (Z,ijri, 79) , Where Z:A 


+ngidand 


is a covariant functor and igri) : 1, 


> 14 are natural transformations of functors with 


Z is.called a cylinder functor. 


Example 2.2: There is the trivial homotopy system in any 


category, e= (1,,1,1,1) , 


Example 2.3: In an additive category A , there is the oppo- 


site trivial homotopy system, e = (1, @ 1, , {1¢04, dbo it ,Gdy0>) 


Examples 2.4: Let T be the category of topological spaces 


> T be the covariant 


and continuous maps. Let 2: T 
functor given by 2Z(X) = XXI , where I is the closed unit 
interval {07 11. | andy 2ff). = fx for a continuous map f. 


> SXL.. and 


Preowned. yg Lee Pe (a) eX 


atk) © XXL > X be given by i (X) (x) = (x,0) , 
1, (X) (x) =a be Sil “Ghe) tga = x y LOE. Sew, Lie et 
Then gq oe i, =l=q-oe- i, and we have the usual homotopy 


system in Tf , t (Z,igri) +d) 


Example 2.5: Let C(A) be the category of chain complexes 


of an abelian category A . We define a homotopy system, 


ai motaye ennai, A -yaopeaso. 5 od am joa eee 


A: 3 etedw . (Pe ptygivs) =" tae 
bas 8 coo ae : to! baie soon : 


Ah < 


“cornet ashrtlys 6 Ae ‘ 


Yas mi madeye yqosomor (eivixas aft ei oxeat 2.8. Lc 


* 
a 


. {iisbgd = 9 epopedas 
Py gm 


~odgo edt at sist . A “yropeses avis tbs a8 ni. - +638 of 


(<O,f>, 41, 3,10, z=. at @ ree =5 satay vaosonod ietvist 9 


v + 


0 ¢ 


esusue Lsstvoloaes io 0 ; 3: 


jnsiasvoo att ad T Siphee F 3 e set eqs auoun ) 
titi beeols oid 2k < : ‘hie. 1*xX = (X)8 at navip 
. 2 Gem eudunignes 6 x62 j1*2 = (2)3 Bas . (1,0) 
. ‘bis I*X prey ey (x) i , OD of ; tefl 4 ) 


. (Osx) = (GO f yd nevip od x < 


HD29\ Rox 10% + R= (Fix) YP bre (yx) = (000 gk 
YaeroMed Laven srs avsit sw bas pees te ot ° P cect 


vel Fi 


t« , if _ : P oe as T . e moseye— “a 
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(Z,i,,1,,9) 7 im - CAC. & Thifs -construction Gi fers from that 
given by Kamps [10] but the resulting homotopy relations, see 
§2.8, are the same and this construction coincides with the 
general approach taken to homotopy systems in additive cate- 
gories given in chapter VI. For (X,9)« |C(A)]), 


0. : X.— > xX 


A sn ae kt let Z(X) = Xn ® Xo ® Xl and 


o£ rs Z(X) 


7 > Z(X) a be given by 


e) 0 0 
n 
aN re 0 Oa 1, 
n-l 
0 ees eae 


Rene eiaiek) 0) 1h (A) a se eee. Es X 


> Y is a chain map 


in C(A) , let 2Z(f) be the chain map given by 


a(f). = f. c) fn c) fo-1 ol et i, (X) ; 1, (X) ye. 4 > Who) 
and. Gk), os ZX) Re De cpawenby) lk) = il, pO pve se, 
n 

1, (), = {1 rly ,O} and Q(X), piece LOBOS A Erol lous 

n n n 
that 1, (X) , i, (x) and q(X) are chain maps, that in ‘4 
i, and q are natural transformations of functors with 
q° in =l=q-oe- 14 - Therefore (Z,i5,3,/9) is a homotopy 
system in C(A) . 
Example 2.6 (See Brown [2]): Let A _ be the category of group- 


oids, i.e. every object of A is a small category in which every 


morphism has an inverse. Let I be the groupoid having two ob- 


> 1 and 


jects 0,1 , and two non-identity morphisms i : 0 


sada mo1t e1etta noitowsdenoo akan ce ik mie n apf | : as 
298 seiebanben yaosomor paituess ods tad {OL} pb yd om 
sat asiw Rebionios. NO OP a aneS aids bas omse ent one ; 
-S5t60 svisibbs ai emase ye: yaad oF noxed ane 


= 
0 


‘ , ig eo 
a ta ? Pr e a al qs tel % iEe -a® Po 7 ie a 


ye aSviP ed ee eghene << ail 


‘ [| Ay9] 3 {6,x%) xoF- TY. shia os aovi 


cae 
0 o- is ea 
: I i 6. #6 
tank n he) re 
tag is? se 


ee a7 2 Foal > eyes) ions 
yd nasvip. gem nisco ‘edt od ps gel- ee ab 


x2 Opt, ay ss Lat een a 
0 eens a), 7 Nedonsule od Us, ¢ hp aw 


svolfel st. $0, ti gene ee 1. Po e : = Ye ‘a 


gsm misio s ef Xx <- 


Kes < 


r ee 
5 ne sedt asi miasts oe Ne brs 00) gk ; @. 7% send 


dtiw asotoaut cc anotdemsctansss Issa sis. p O6ns Pa a 


= 


ydotomoni 5 ei Ah a9 sxoleteitt , gh ok: “ta i= ot ° ee 


ee”) | es anys cae ; 
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= 
x aay Pea Ouies sieet a Sse > A .be ‘the.covarvant 


functor assigning GxI to the groupoid G in A and 


assigning f£xl, to amorphism f£ in A. Then i, (S) ; 


> G given by 


BG le saG 2G deand-GiiG) .: Gx 
1,(G)(g) = (g,0) , 1, (G) (Ween Ay 2) “dnd “aq(G)(g7e) = 9g. , 


for ge«G , € «€ I ,-give natural transformations functors 


iy ; iy , and with gq ° io =l=qo i, * gl hus 
z= (2,415,141) -q) is a homotopy system in A. 
Example 2.7: Let Me be the category of right-modules over 


the commutative ring R . In this category there is the class- 
ical Eckmann-Hilton injective homotopy theory developed in 
detail in Hilton [7]. We shall show that this homotopy actually 
comes from a homotopy system in Me -. His Lact, 1S Very signit= 
icant since it lends validity to the development of homotopy 
systems in categories and the algebraic ideas give insight into 
the structure of topological homotopy. This homotopy system 
does not appear elsewhere in the literature and so we devote 


all of chapter III to its development. 


2.3 Homotopy Relations. 


Definationis «3: Let A be a category and Zz = (Z,i5,4,/4) 


> Y be morphisms 


a homotopy system in A. Let f,g: X 


in A) ‘We-say. £. iS homotopie to. 9. e.f 4 g{z). on simply 


Aes x gar aera? 


tasixsve> ait od A x 
Bas A ak 2 pibarets ads og TxD pata ei 

, yt cody . A mt 2 metegzom s oF ot Pe an 
yd devin 0 <—+ x64 4Qyp Bs. Bia 
1 ROM (NBIC) eee eh tee? = oe ‘ (Ove) = 2) ¢ Yi. De 
exotonut enoksamxo§enbx3 istotan ovip 5 L = oy 3 = ef: 
aud? . 9h ep aie ot ep dtiw Bas Ag “4 b 
- A ai meseye yaotomor! 6 at Paphigh®l + a 
SS 


as ; 


tavo asiybom-sipizt to vanbeens sit sd Ps ‘Jed 4.8 
~aepto sit eit sisdt yropsssoD ainy n= . A peta emenne 
ng begolsvsb yiosds Yaosomor avisootai nodiit-adkmiod | 
yilsitos yqotomon ards edd worte ilsrde ow {ti ‘aosLih Hr - 
-tinptea yievi et josi etait - git ni ee yaodemod. & deat 2 
Yqosomon io Jnemqoleveb: ade ot yaibilev abast $3 adaie 5 
oj¢ni tiplant vip asobi oissdopis ors bas eolitopstes hi ameseye 
mstsya: vacdomodt efit, «Ygosomon sokpologos to ows ouxse ond 4 
stoveb ow oe bas SripaNAE od ant sservsels reagqs son s90b ti 


.Jmemaqoleveb 23i o3 III zssqsro 0 fis me 


: - Vie. 


2 
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fir QRisa.f fthene euists'a,morphism  ¢ :. Z,(X) Puy, 
5 a a Thi  egiemeeaeaee 
ache: Rog ile SS 
Z (X) 2 Xx S HY. 
= g 


such that $9 ° i, (%) =@f"Saria tgme i, (x) 


| 
Q 


Such a morphism 9 is called a homotopy from f£ to g, 


SermE 2.g] i 


Example 2.9: invéxampie*2¢27F 1£ © gatufeandroniyotfarfos g 
while in 2.3, f£ ~g for all g,f with the same domain and 
range: in example 2.4, £~ g' if and only if £ is Homotopic 
Looms Pingthe wusual.topological, sense....In g.5,7...5.° 9 2f and 
only, if. £ is chain homotopic to g. If in example 2.6 we 


take the category of groups as a subcategory of the category 


DiwjLOUupOTUSs,; TOL. 14244. 4*6 SCiH OmEeteoyg eyicttcenduonlyyit 
there’ 25" ey PeIPOR- war Ste (x) = y + g(x) - y for all x 
in G. We shall see that for the Eckmann-Hilton injective 


homotopy £ ~ g if and only if f-g_ factors through an injec- 


tive object. 


Remark 2.10: The réelation;—<~" , is inkgeneral not an 
equivalence relation. However it is reflexive and has the 


property that if f~g and fk is defined, then fk ~ gk, 


Ye—— (K)S :  meisiquom 6 eteixe sisi 92!, 69 DIR 


: sy ale be. 


bag 


< 
a- 


Y 


- P = (hk nee bas 2s eee vt a bee 
- . i ews ae * 

. RB of 2 mor? yaotomed 5 belins ei 6. maidéxom 5 
| ) ~ aan Ba ts : 

od | arr | 


‘ cae 
Ce 2. te io bas iL pr 2 ory otamexs oe. +e, a] 
sii stsmob omse, od dew Re: Lie 10% ee a. oe ad 
sigotomod ai i 25 ike bas - a ae a re nes ‘ ; 


bis 2i ps 2.8 al -eenge epee 2 inva ot at ae 
aw 3.8 siausts ni ar eS nig Son Pot 
ytepsts9 edt 20 wiopetaodue s £ ce eau xe 36 scropeiian ons oe 
tt ‘tino bas 2: 25) a oan i (BS. _ x08 a 


x fie 702 | Ie Cate oe (x2 He a mE ze 6 ek samt 
svisosini od 1b Bil 


a orc ong +103 todd we Lhade ow - > mt 
 —pebné os - Aiorsis exotoe? (er ti vido bas ae Be rae ygodomod 


= "a ee Se al ot i 
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and also Tf Kf» vs defined; then~ kf~ kg-. “Inthe examples 
given it is an equivalence relation. Moreover, since it gener- 
ates an equivalence relation, we shall henceforth assume that 
the homotopy relation determined by a homotopy system is a 


natural equivalence relation. 


We can make some statements about the symmetric 


property of this relation as follows: 


Lemma 2.11 (Eckmann-Hilton [4]): The homotopy relation given 
by a homotopy system Zz = (Z,i5,4,/4) in a category A is 


symmetric if and only if there is a natural transformation of 


> % such™@ehat- roo‘ iy and ro i, =i 


Huinctors. “o <.-F 5 


Lemma 2.12: In a category with pushouts, the pushout of a 


homotopy system is a homotopy system. 


PrOOE: Let z= (Z,io +3) 7q) be a homotopy system and consider 


the following pushout diagram 


= ee 


selgmsxe sit ni. pA. 2st eds: ini: i aa aE ve 
-tenep Ji soaie ,sevos10M -noissist sortelevispe as at an 
tenis smunes tdxdteonsei iisde ow totts fax sono tetibepe as 
& at medeye yqotomon 5 Yd ‘panimisssb noktstos ‘Goto c i 
otis lex ponsteviupa' 


siissemarye sit -tueds atnomatste smoz sAsm nes ‘Bw. 


:ewollot es tiotdedex aids to 


asvip aotssis1 ygosonon oat 


at A YEGHReS? § mi Wy phot ®) = 
20 soidsmtolensx3 Lsavisa 6 ek eters It xine bits tho 


f= ,f0°2 Sas jf = ot ° 2 Sans dowe s+ 8 Say 


j st 7 cai ¥ | 
& to tueneug sd3 seswodtaug ay yanpetes ‘p Bt. “384 $ som . “y 
iia a, jt tai yaosomod — 


an te 
a i. 
tebLenoo bas noveve Caryn 5 Say et = 5 a> eee: 7 


merpetb sworeue eriwolio® ad aa 
j a 
~®) of 
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Then z' = (Z',Bei,,a°1,,q') is a homotopy system. 


Corollary 2.12 A: If z' is the pushout of a homotopy system 
z' as given in the lemma, then for morphisms f and g, 


foo. 9 (2). implies rma g(z*) 


PrOooL: -Assume (‘£:,q%-<X euYorand that oo is a homotopy 


between f£ and g with respect to z. Consider the pushout 


diagram 
24: 400) 
X 9 (x) 
1, (x) | a (X) | 
ZAx) —— BOO gtx) % 
bei, (X) eq (X) Y 

We have 9 o i, (Xx) are @O.4 ie i, (x) = pei (X) - Hence there is 
at ay ae ES) > ¥ with "on (X) =¢ and ¢'°8(X) = poi. (X) 


eq(X) . Clearly $'e8(X) © i,(X) = ¢045(X) © a(X) © ig (x) = 
dei (X) = ff sand” ¢°e Gtk) i, (X) = > oi, (X) ="g.. -Thuas 


@* 2 Z' (X) 


to the homotopy system 2 


Tt? also foll@wS that ~ (z') is symmetric, thus 
allowing us to introduce symmetry into our homotopy relation. 


e 2. (Ss) Satistiy= 


This comes from the existence of r: Z' (x) 


ing vr °Q@= 8 and r°e8 = 4 , which follows from the commuta- 


tivity “ot 


> Y is a homotopy between f and g with respect 


A 


mente yqosomori bat. ‘woke aaah 


meseye ygotomod 5 to apnea edt ei “s° 32) “BS <i 
: ie! tie SS ems tgrom: 208, nets \ Bani ead, ae 


7 Ls sez ae: catia 
bi. 


K 3 ed omueea 
guodauq sit 1sbieqoS , S @F tosqeot asin R- “bas. 3 


ygotomon s 2i 96 sett bas Y¥ < 


~ 


ay io 
oo x 


ei exed3 eomel . (x) boo = on ees sil ° 00 gt ° 4 vost ait 
(4) (toy = (x) Ge" ‘: bas 9 = Ceyns'o dsiw Re ee Wty oa, 
SR) or? Gp + CY bie = ac) a Ce wisest . (ps 


ante’ iQ = (x) te o-< wae e We of | Bae 3 = G0, “ 
ssgest isiw PB Snes a nsswied x90 9moK 5 Bt a (KX) Ss 16 faY 


zs “3 nesiowe ‘yaostomod ont 02 a 

| Vigan 9 a . AONE SM 

suds ,cixiemmye ei 4 Ea >, “teats ewolsor oie, ai : [ - 

*y L 


‘fio itsioes ees iu0 oame vate 
neaaatiac (x)? + aoe as fia es — 
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io 
xX ——- >.) _ 2 (X) 


Z* (X) 


2.4 Fibrations. 


Throughout this section we let A_ be an arbitrary 


category and z= (z,i,,1,/9) be a homotopy system in A 


Definition 2.13 (Kamps [10]). A morphism P: E > B in 


A is called a 2 - ftbration if any commutative diagram of 


the form 
g 
x > FE 
— Ns, 
= 
eakadl uae Smee = +| cig 
- 
- ) 
Z(x) -—-————"—">_ B 


> & such cthac 


can be filled in with a homotopy 9 : Z(X) 


(x) 'S< 


pprneteas ns od A 38f ow noitose ait suorieuosd 


ae BE meres vasovonon 5 bd AP phighss) = se Bas} 


me a @—a: 4 metigxom A 


to msspseib ovisadeomes yas ai wokdnndst rs 6 batted: ae’ 


mS 
~ 


Xm Pp | a oon 


dead dowe 3 < (JS 2 4 ee ‘tind Bele 8s ad nso Fe 


7 < < ee bid : - - ! 
Hog ; ii + 
vies hue % ay 
as =~ | = 

ix Badin ‘3, 
‘sf 4 - : 
see? ro 3 i< z y 
i <s. 
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If (ii) is replaced by the following; (ii)' there 


oa hie Such- that 


exists a homotopy ry s 2 (xX) 


$:9~6° i(k) and po ¢=p-eg- q(x) , then p is 


called anh = ftbration. 


Example 2.14: In example 2.2 every morphism is a z - fibra- 
tion while in 2.3 the retractions,are the z- fibrations. In 
the topological case, example 2.4, the z- fibrations are the 
Hurewicz fibrations while the h -, fibrations are the Dold or 
weak fibrations. In example 2.6, the category of groupoids, 
the z - fibrations are the star surjective maps while if we 
take only the subcategory of groups the z - fibrations are 


the surjective maps. 


From remark 2.10, we may assume that the homotopy 
relation, ~ (z) , determined by the homotopy system z isa 
natural equivalence relation and so by 1.6 we may consider 
the 9 {(z) — fibrations or Simply, ~ - fibrations, if no 
confusion arrises. All of the properties of ~ - fibrations 
given im propositions) 192 andi .3 hoidnfor -«z)-» fabrations 
(the requirement in 1.3 (c) iene Ba ¢ 2 -has>to bes strenthened 


to -fo = 1 )*: In addition'we have 


Propositioni.2 a5: 


(a) Projection maps are Z - fibrations. 


(b) the pullback wae a 42° - fibration 1s a 2 = fibration. 


siedg '(it) ypatwollor ert yd —" 


OOS 3 7 ‘apse 6 
ei q asit,, (X)p ae eee 8 og ae oe ee oF 


) snotaned oe, -= 


tsadt dove. a Sore 


“sadni - s. 5 ek maidéton yxeve £.$ sigmsxe a sh1.S8 
Al .paotssadit = x edt sts anoktosidez edt 8, s. sis 
Sit S%6 enotisrdii - »s ont vba § slaqmsxe 19850 | 
io Bilod edt 915 anokiseidit - of eas Slisw. a 3 kt 
. abioquoxp ta. ytOpstso iy oy efamexs. iy a 
ew tt oltaw agen ovitsetaue. asda adit Sis oe a" 


ous enoijserdi2 -— s edt equors to yropessédue eulF yinio « 


yqotonion edt jady smuees yom ow 0168 apni mort 


6 wt S  mosaye yqgosomod ants Ya bosiumassep A fs) + 


tebianos Ysur ow Oct xd oe bas MOLc 
CRORE (anotsssihd - = Jidmia a0 enoktetdes La a ons 
encitexdit ie OG eotsaedory ous #6 Lia .a9ebwte nia 
‘enotisxdii Ts 3 tet bios €5f bas 8.1 enotdtronoxg mi aevip 
benedinszte 2d ot esr 4 ie sing teds (3) &. at subnoxiypes ons) a 
sven ew nots tbbs at -( i= 64 of , - 


Jsnotsexah ~ x sal Hibs mataoetors ) ) 
eee Sr Sai dokwesiiy =e aes thes ioniittis ony Pe eee ae 
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Lemma 2.16 (Kamps [10]): Every z- fibration is an h - 
fibration and every h - fibration is a = (Cay = shabration:. 
Proof: Clearly from the definition every z - fibration is 


> B be an h - fibra- 


an iy = fibration,  Thusflet™p.: & 


tion and assume we have 


¢:pg~f, > ° i(k) = pg and ¢$ ° i, (xX) =f. This gives 


a commutation diagram 


1, (X) o a, p 


=~ 
2X) ses B 


and =p» an h = fibration gives a $ : 2{x) SE with 


pibiet) Wend.al ¢ : 20x) > Bhieith neareone. te OO) ag 


and po o =Socrg Srqtxkjevmasete qt x > E be given by 
qs Gg. %0 ip) « Sthen pg" = p> oe LX) ee ak) ee 
g 


and. 4g’ = eed CH) ah, eo de OX) 


eG 1 EL Orv aZied. fie A morphism j : A Svekim wre is 
called a 2 - coftbration if for any commutation diagram of 


the form 


- aA 6 ai agiseages -~ s aut 


=, 


en ee “> Me ay ae et nokspadit 


Me 
2k noftstdi? - s viave nottintten edt mont via 19, 4 
o 2a Jol. aunty -nossexda® - me f] 

| oved ow emuzes bag: 


“SY¥dii - d nas Sd & <~ 


Z 


@evip eifT . 2 = (X) f° o> bas ee eal gi + 


ae 


dtiw” a <— 


2 Oot o§ :e ate a< 
yd RED: sd ‘ee 


(XS 


oie cae aon ee 
= = (4) pt e = (x) * © . ® ne aertT a . ik * ctl , . 


RAMS 44a 


there exists a 9 


Sore) =o. 


The inner square is called a weak cocartestan square 


or a weak pushout because $6 is not required to be unique. 


2.5 Conestand Contractibility. 


We end this chapter with a version of cones and 
contractibility which generalizes the topological notion and 
which pertains to the other examples given in 82.2. Some of 


these ideas may be found in Seebach [17]. 


Definition 2.19: A pre cone in a category A is a pair 


> A is a covariant functor and 


(Cyr) «where <-C 2. A 


SC ee > Co sla Natural, transiLormation of LEunctors:. 


Every homotopy system Zz = (Z,10,1) 79) in a cate- 
gory A with a null object and pushouts gives a pre cone in 


A via the following pushout diagram 


oe aenoa to notexey & dtiw. xstasito #ia3 bns ~ 
bes noiton Lspipologes att esi ferensp done wilidivossgaoy 
26 aioe -S.$8 ad asvip eolgmaxa tetisto sid o¢ enistusg sotinw 


2 dosdese ait Bavor. od Yen asobE sactt 
yg 


tisg 5 ei at “eaopedso & ne akoe stg A 281.¢ 
bas tesonut suBitbvon s Bi A < 
| -St0H0nu3 a i: 


i i se ey sterw ‘Ub, 2) 
a ere & at D <-—— f 3 i. 


: ans 


fPvgt sas » aS ° bean Yados omer YIeVs 

oi ‘9n09 siq 5 2ovlo eaueilaus: bas. 90bdo Kun 6 idiw A YxoR 
o- ) alc asiaikecumee BitkwoL tot oxy ei, aed 
1 Stine " 


=s389 & nai 
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i, (X) 
fe) 
x >CiZOX ) 
g (X) 
* > Co 
with i(X) = g(X) ° i, (X%) -faThens aimorphism )£ 29K oN 


in A is said to be null homotopie if and only if there is 


aemoerphismn Fie ‘C(X) SragGwreh .f = Fo G(X) 4 


Definition 2.19: ‘An object’ X “is contractible if the identity 


map of xX is homotopic to a null morphism. 


anus) for an @bjecty x 1h Ay the cone. of xX ,.C(X), 
is contractible if and only if there is a morphism 
p : C*(x) ——> C(x) with p » i(e(x)) = lox) + With the 
usual homotopy systems given in 82.2 and their resulting pre-cones, 


the cone of every object is contractible. 


Definition 2.20: A pre cone (C,i) is a cone (Cy). 0) ek t 
there is a natural transformation of functors p=: ce Sie 
With  p 5 2(C)-= la S 


All the usual pre cones are cones and we shall see 
in chapter IV that every pair of adjoint functors and every 


triple yields a cone. 


ae ee 


| 
} Mg et 
(X) & <> on  & 
_ (&}e . 
(SS * 


¥< X: 3 metdgzoms medt . (X), ° (Ke e 2 


ai stedt 24 ylao bas tz stqos anos Sinus od of. bisa ak Lak 


tm) @ ra = a ddiw a 9 : a 
ystisnebi ody Ti s¥dsseantanos sk x jostdo ‘AA ‘ a = F. ot Ae: i a0. 
: . een tiun 6 og arent i a a sot 


OD. e to enon edd . A at a ss9tdo ie 408 auc E ihe 
| meiriquom s et exsd9 ts eee fas PT: steksvexonee 6B 


“efit agi ‘ folky aE ae (X)9 ae ayo: a 


ws ale) 


at Aaieeo ; Shed & at (4,9) ‘em09 aiq A ae 

, fe 
nee 
xB ath 9s a ae Ding “dae se 


ey, ee Fo : q axosoaut ‘to aoisemadtensxd isiss scr 5 ‘ed avade 


“ A aa asdepdeulnatn caakeies Pi aie 7 
akeths 20 stBG Yseve gens VI xoagsdo at 
idea | .9000 © abfsiy elgiad ay 
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Lemma 2.21: Tf (C,2) =AhGpayp) ey «then a morphism is null 
homotopic if and only if it factors through the cone of some 


object. 


> YX is null homotopic fthen 


Proof: Tf ‘a smonpnism, .2f.1:X 


tivtac wo. Sv enTOtut | 21(X)) <1 X > C(X) . Conversely assume 


Ey. factors jass,f 230036. For 


a morphismmy£ = 4X 


Bee X PaG (2). peanGdiied 4 s.sC(A) > Y for some object A 


We may form the following diagram: 


i (C(A)) 2 
C (A) ! RNs ee) 
r p (A) - 
C(B) 
P C(x) " 
ne 
S 
ine = 
HOY) sh 
x om Fa 
£ 
Define F : C(X) Say? by eProp) oC (6) Then 
Fax) “= 50,0 PLA) eet hs <1) So Ppt A) 8 2AC(A)) oe c8) = 


Ifua at meidquom.s aedt , (q.£.9)) Sih) ae 


emoz to saoo sd3 devoidy exotoBi Si Fi Yiad bas Ri Stas 


X : 2. a $elexom 5 ce 
aH (x) £ cineeets 


vol Qo = 2 268 etodss2 ¥ <- 


méadt sigosomod [lund 2f. Y < 


emeaeh yieeiovnioDd . aided < 


- (A) => ov; “Pas we 
:moxpsih enwonfok ong oo mem 


+ & .te9fde emoa- tot ¥ < 


¢ ((A)D)i 


Dd: Bis ee i een 
% (AG od \\: 
a4 
meat =. (8) © la 4 oe Bye oe ee om : 


= 8 > ((A)D)i © (ANG ow a 


CHAPTER III 


ECKMANN-HILTON INJECTIVE HOMOTOPY 


Sauik ancroduction. 


The aim of this chapter is to develop in detail 
the classical Eckmann-Hilton injective homotopy theory for 
modules in terms of a homotopy system. The main idea in the 
construction is to embed an arbitrary module "functorially" 
into an injective module. The approach in based on that of 
Huber [8] and [9] in which he studies this and other homotop- 
ies in terms of the homotopy of semi-simplical complexes and 


Kan complexes. 


3.2 Injective Homotopy System. 


Let A be an abelian category with infinite direct 


products and let M be the category of sets. We define a 


> A as follows: Fora 


contravariant functor P: M 


Fised ODjISct. UW in VA, wet 


> M' is a morphism in M , let 
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* SOLIOs 
cl 


ae 
Lisisb nmi golsvep ot ei atesrgeno aids to mis ‘eae ane lead 
10% yYtoods yqos omar evisostné nod Deteansml se. Keoieeato 9 “- 
eid at sebi anism sat al var oman 6 30. amaes nie hie A si | 
“yilsitosonui™ sftibon Yass idys ns badme. a4 ak nots 
io gedit ao beasd ‘At Hosotags edt .sluom aa saat Nes wal 
~qosonond tedso bas etd? aoibuse sit doidw i fe} bas’ {8} sada 


Bas eoxelgimoo soi tqaite-imoe to ¥qostontont ets to a teeeal ai. weit 
re umes kisi. 


8 onites os vation 20 roge2e® ns ot ey i nce 
8 t0% Seek al Kix 


MW a & ii ad snslisvsitn09 
o joa 4 . nak u spsids bexid :3 


a Tg tte ays = Whe aa Os 


Nihal ot tt has 


a QE a 


P(v) : P(M') > P(M) be given coordinatewise by 


P(v) ,= 1 oP ' 


where P is the projection map. 


v(m) 


> M 


We define another contravariant functor G: A 
as follows: For X am object in A , set G(X) = Hom(X,U;A) 


ana for. £ :°xX 


> YY  ‘asmorphism in A , define 


Gti) =.) GY) 


> G(X) by 


Glee) ara of cE oO ec Hom(x,U; A) 


On the basis of the above construction we obtain 


Lemma 3.1: P and G are adjoint on the right. 


Proof: For xe« |A|l , Me |M| we define a set function 


> Hom(M,Hom(X,U;A) ;M) 


n : Hom(x, UA) 
meM 


by n(a)(m) = ane The inverse of n, ia , is given by 


n-*(B),, = (mn). 


> A 


Then C= Pe G is a covariant functor A 


The adjoint situation gives a natural transformation of 


TUNCtoL Ss ues 1, > DY 


a aN, ae me V9 


~ 


-qsm noito9; OF J et Cee 
-q EoIg Re aye" Se 


J ‘ 


eee ee evan JaBLIBVETINOO Yerions onion “ 
(AsU yx) aIOH = (%)D scale i A at peide 1S a re 
saizeb 4 A “ae ma kitgvom 6. Ye % Higy : 

Nd: ee, pes we» 

m 


= 
2 


: (AiU@xX) mon DA) eee (9) ioe “t 


atatdo sw noissuitenop svods sit %0 eiesd. offt.m0 


-tdpix od3 0 dntotbs oxs D9 bas 4@”! ef, 


2 Ae ee wy v - Gy Via e ee aah! a 
seksonui toe & enkteb ow AMT, aM a 2k so : ooze 


ie eC Yale A Wer | ale Se a ! 


(8s (Ac, X) MOH Mp) ee Aig er of es y 


6 x) 
Mem ’ ea 7 | 


+" , a 


bees = vai Ms 
; : yr Rs ss etal, A : / ce 
Md wevie ei , t-y ft to seisvai ad . po = (a) toy yt . 


—_—<*; ; sl : Mae 


oc pe! ye = : i- 1 
a ee See? ee 


ru 
7 


=" 998) 


iy) xsnand tae) zs X sedAlorp 


The following definition and some of the ideas may 


be found in Mitchell [14], pages 73-74. 


DELINTcion 3.2; An object U ina category A _ is called 


a cogenerator for the category if whenever we have morphisms 


re eek Be (UJ 


a YY fg 7 there is a morphism a: ¥ 


with af # ag 


Using the above definition and previous construction 


we obtain the following. 


PEOPOSIU1On 310.5 bi. A Shas airinite products, -chen  .U. 3s .a 
cogenerator for A if and only if k(X) is a monomorphism 


for vali Ob pect ae. «Xo a0 “aA 
Proof; Suppose that U is a cogenerative and consider 


Pus k (Y) 


X u yY ——> c(Y) = Il Ue 
g meHom(Y,U;A) 
With Uk (Y) fe Pee ely). cog eS then K(Y) og = K(Y).. off 


for each. m and *so %m o £f =.mo g , Vm «Lif: £ ¥ 9 ,- then 
since U is a cogenerator there exists an m « Hom(Y,U;A) 


with mo f+#mog. Thus f=g, and k(Y¥) is a monomor- 


phism. 


dig gh ee ae 


+. eS | ei 
yem esobi oid 46 Smoe bus coisini2eb priwoilot “age: 
LATE) 2epsq \ (hl) Lfedodim we 8 ou ok 
; L . 

bsifso at A yiopstso 6 mt U a a nA 
amaidquom ovad ow tevenodw aE ysops3s9. arid ‘aed LOSE p y 
5 ae maidgzom & ei exons ‘ BN ¥ 9a 

oy a sates 


vt 


U < 


aoktouxsados auoive7q bos noitiniten oveds er — EN ie . 


“utotiot oa atts 


s ai, «ted .edouboxg eainiiak ae A lana 6 ai geo: Lecce 
‘mMeidgiomonom 6 ai ae Ri Back bas 22 1 sete ar 

: A Di x avoatde some” 

- 


ae u, sass ose eat 


= 0) 4 Bee 


“Veh vas aia 


Ye We =e +, oo wot i's wa wats cyt ‘7 
edd. DRT OM a 


Conversely assume k(X) is a monomorphism for each 


Opyece Susana. bet  “f,g < xX > Y be distinct morphisms. 


Then for some projection, sa , from the product we must have 


Peeuske (Yost i= e Py eo Tk tY) ° Wgwse Thus, ieasisea Ccogenerator. 


Proposition 3.4: Lf UP, Ve -inyective, then C(X) as injec- 


Give for all objects “xX dni A. . 


Proof: The product of injectives is injective. 
Remark 3.5: If a category has injectives and a cogenerator 


then it has an injective cogenerator. In particular if 


fesqa 3:0 3X > Y and £ #g , there is a cogenerator U and 


> PP Owreh ab ag.) “Then there’ “is 


a morphism a: Y 


also an injective Q anda monomorphism j : U om Cr watt 
j(af)A 4 Geog) be Thus <(jq)f ¥ (ja) g and so” Q “is also a 


cogenerator. 


Remark 3.6: The category of right R - modules, Mp , has 
an injective cogenerator, namely Hom(R,Q/Z;G) , where G is 
the category of groups and Q/Z is the group of rationals 


modulo the integers. 
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We summarize the above results in 


Theorem 3.7: Let A _ be an abelian category with infinite 
direct products and an injective cogenerator. Then there 


> A anda natural trans- 


exists a covariant fuctor Cc: A 


formation of functors k: l 
(ayexSée |Af°*implies “c(xy" “is injective 


Gisy>” KIC KURS. 


> C(X) is a monomorphism for each 


3.3 Homotopy and Fibrations. 


We proceed to use the results of the previous section 
to show that we have produced a homotopy system and that the 
resulting homotopy relation, in the category of modules, coin- 
cides with the classical Eckmann-Hilton injective homotopy rela- 
tion and that the same holds for fibrations. For this section 
let A be an abelian category with infinite direct products 


and injective cogenerator. 


We define a homotopy system, 2Z = (Z,4i571,79) an A 


> A by ZK) =x © C(x) . and 


as follows: Define Z: A 
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1, (%) = {1,0} ; i, (x) = {11k (x) } and q(X) = <1,,0> . 


It follows that ioriyd are natural transformations of 
PUNCtOrs and that qs i. = l= q 4 i, - Thus z= (2,174,749) 


is a homotopy system in A. 


> Y “morphisms in A , 


Theorem 3.8: LAC): 5 mane? Sera? baa 
Pieeg(s) -2ezand only at  f-g Lactors through some“injyecrive 


object. 


Proof: Assume f-g factors through some injective object. 
Then f-g factors through every injective object containing 


> Y with 


X . Thus there is a morphism 7 : C(X) 


f-g = 7 © k(X) 
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Dberanition, 3.9 (Hilton [7] ) + A morphism P: E > Be Jin. A 


is an injective ftbratton if and only if for all injective 


objects Q in A every morphism 8 : Q > B can be lifted 
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Remark 3.10: The injective homotopy relation or ~ (z) is, 
without extension a natural equivalence relation. In 81.6 we 
introduced the homotopy lifting property and the ~ (2) — fibra- 


tions. In the present situation we now have: 


Lemma 3.11: A morphism p: E > B in A ds an injective 


Eipration go ena only if itdera ~~ (2%) = tabracion. 


The proof of this lemma is contained in the proof of 


a more general theorem for additive categories, theorem 6.10. 
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Theorem 3.12: A morphism p: E 


tive Liptacionvit and only if it is a 2 = fibration. 


Proof: Let p be an injective fibration and consider the 


following commutative diagram. 


{1,10} 


eh a es 
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X 6 C(X) —————> 


Since p is an injective fibration, there exists a morphism 


¥ > 2.°C:68) > E with py = Bo oo )DeLine Fit ee CCX) 


by P= <0, yo 0 Then. (ps Bis eG, 8? and F oe {1,,0} =a. 


SO <p As @. 2 ~Siibration, 


The converse follows from lemma 3.11 and lemma 2.16. 
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CHAPTER IV 


CATEGORIES OF FRACTIONS AND HOMOTOPY THEORY 


Sale A cCrOGUC GLO. 


Gabriel-Zisman [6] and Bauer-Dugundji [1] defined 
for each class of morphisms M ina category A , a category 
of fractions of A by M or a quotient category, A/M . 


> A/M determines a 


The, natural projection functor ns.A 
natural equivalence relation, or a homotopy by 81.6, among the 
morphisms in A . Bauer-Dugundji [1] also defined for each 

class of morphisms M a fibration notion, M - fibration. We 
study ih this chapter some of the properties of M - homotopy 
and M - fibrations and show how they are related to the homo- 


topy systems of chapter II. 


4.2 M -— Homotopy. 


Let A be any category, and let M _ be any family 
of its morphisms. By a quotient category we mean a pair, 
(A/M,n) , where A/M is a category with the same objects as 


> A/M is a covariant functor preserving 


An and. ys A 


objects and having the following two properties: 
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Ge If ae mM, then n(a) is an isomorphism in A/M . 


(fi) Universal property. If T : A > BRB is ‘any 
other covariant functor to a category 6 such 


that T(a) is an isomorphism for each a«M , then 


there is a unique covariant functor A : A/M ee. 
When. shu ean = AEs 
Theorem 4.1 (Bauer-Dugundji [1]): Let A be any category and 


let M be any family of its morphisms. Then a quotient cate- 


SOry;,ia(A/Mjn)*, exists. 


Let M be any class of morphisms in an arbitrary 


> A/M be the natural projec- 


Category A , and let rn <A 


tion functor as above. Then by 81.6, we have a natural equiva- 


lence relation among the morphisms in A ; if f£,g are two 
morphisms in A , we write £~ g(M) if n(f£) = n(g) , and 
denote the corresponding homotopy category by A/~(M) . This 


M - homotopy has the further property that if for two morphisms 
f,g in A , there is an @ «€ M with Gf =Q%g or fa = goa , 


then” £°* g(M) . 


Remark 4.2: Tfi— a*etM’ and & “has a left (right) “inverse’ 6 , 
then we may assume that 8 is also in M , because by the 
above B® = 1 and (08) = %-and so n(a) o n(B) = n(aB) = 


n(l) . So n(8) is also an isomorphism in A/M with inverse 


nd 
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We may sometimes associate the resulting homotopy 


category with the quotient category by the following lemma: 


Lemma 4.3: If A is any category and M a class of its 
morphisms with M a subset of the union of the retractions 
and the coretractions in A , then the quotient category, 


A/M , is isomorphic to the homotopy category, A/~(M) . 


> A/M and wW-srA > 


Proof: Assume we have n: A 


A/~(M) with m(f) = [f] , the natural projection functors. 


: | 


\ 
A/~ (M) 
If a: A——> B is in M and has retract 8 :B— A 
with Ba = 1, , then by the above remarks (%) is an isomor- 
phism with inverse n(8) . Thus 1™(%) = [a] is an isomorphism 


with inverse [8] and by the universality of the quotient 


> 


category, (A/M,n) , there is a unique functor A : A/M 
A/~(M) with Aen = . The same follows if % is a retract. 
Sie GUM | “Een T(£f) = T(g) and n(f) = N(g) 


and by the universality of the homotopy category, proposition 


fel, theréegis atunigque= =) TT Ay~'(m) PAT MF With re T= 7 , 
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The following theorem of Bauer and Dugundji [1] tells 
us that by suitable choices of M , the M - homotopy notion 
will coincide with some usual homotopy notion. In particular 
it tells us when the homotopy category resulting from a homotopy 
system or cyclinder is a quotient category or a category of 


fractions. 


Theorem 4.4: Let A be a cateogry and M a class of morph- 


isms,in. A, with .n: A > A/M the natural projection func- 


tor. Let "~" be any natural equivalence relation among the 


morphisms of .A and let 7: A Pa WARS be the projection 


function to the homotopy category, A/~ . Suppose that if 


5 ah Eee > Y there is an object Zy in A and morph- 


o- lL 


isms a Pe ea aes > Zy 1 © i Zy > xX ang 2B: Zy >and 
Wath ro ues = ly and Fo ap = fe jodie lL). se Chen 
(i) if n(r) is an isomorphism in A/M _ , then 
se 9 Dip 2 implies n(f,) = n(f£,) ’ 
G41). at tia) isan gsomorphism, in .A/~ for each 
a ¢ M , then n(£.) = n(f,) implies m(£.) = m(£,) . 
Definition 4.5: If for a homotopy system Zz = (Z,i5,4, 79) ; 


G(x) * 2(X) > X is a homotopy equivalence with homotopy 


inverse i, (*) , we call z a natural homotopy system. 
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Corollary, 4.6: Let z= (Z,i,,1,/49) be a natural homotopy 


system in a category A. Let M = {ij (xX) : X« |A|}  . Then 
the homotopy category, A/~(z) , determined by the homotopy 
system z and the homotopy category, A/~(M) , determined by 


the class of morphisms M are both the same and are both the 


Saregory Of Fractions. of .A by M , A/M . 


This is the case for the homotopy systems given as 
examples in chapter II. In particular in the category of 
topological spaces we have xX and xXxI homotopically equiva- 
lent with 1, (X) and q(X) as the homotopy equivalences. It 
seems that there should be some relation in arbitrary categor- 
ies between a homotopy system as a natural homotopy system and 
when the resulting pre cone is actually a cone. This is because 
in the examples given the reason for the homotopy system being 
a natural homotopy system and the resulting pre cone being a 
cone are both the same. For example in the category of topol- 
ogical spaces both of these follow because there is a map 


Foes ae > XXxI , with r(x,s,t) = (x,st) , and we mention 


in chapter VI a theorem of Seebach [17] which compares the two 


ideas for abelian categories. 


Theorem 4.4 can also be used to reclaim a homotopy 
from the knowledge of contractible ojects in a category as we 
shall show in chapter VI in the general case for additive cate- 
gories and as the following theorem of Seeback [17] shows in 


the specific case for the category of C.W. complexes. 
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Theorem 4.7: In the category A of C.W. Complexes, let 
M be the class of all coretractions with a contractible co- 
kernel. Then the resulting M - homotopy is the usual homo- 


LOpy LOL A 


4.3 M - Fibrations. 


For each family of morphisms M ina category A, 
Bauer and Dugundji [1] also define a very general concept of 


fibration as follows: 


> Buin w is,.called 


Definition 4.8: A wnorphism), 4Riace .E 


an M - ftbration if for each diagram 


in which pol=sfu"kand we M-| there is av otis x > 


in A with gf ="9"% © and’ "‘poo Jf 


These M - fibrations have all the usual properties 


required of fibrations as follows: 
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Theorem 4.9: Let M be any family of morphisms in a category 


A. Then we have 


(i) All isomorphisms are M - fibrations. 


C22) The composition of two M - fibrations is an M - 


fibration. 


(iii) The pullback of an M - fibration is an M - fibra- 


ion. 

(iv) The product of two M - fibrations is an M - fibra- 
CLOn: 

(v) AD travial MOrphasts, «© p : EB DOA! BP eyiahi= 


fibrations. 


Remark 4.10: We denote the class of all M - fibrations by 
{M-Fib.} , for each family of morphisms M in a category A 
Clearly Sf Mmene* ethene tN-Pib.} < {M-Fib.} . Also if MM 
is any subset of the set of all retractions in A _ then 


{M-Fib.} is the class of all morphisms in A. 


If we have a homotopy system Zz = (Z,1,,4, 79) 2h 
a category A , then the z - fibrations may be associated with 


the above classes of fibrations by 
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Theorem 4.11: Let M = {i (X) : Kye |A|} . Then {M-Fib.} 


is the class of all 2z - fibrations. 


Proof: Lee pits > B bea 2z- fibration and consider 
the diagram 
E 
Z 
g | p 
Xx Sa UD > 5 
2 (xX) 2 

WiEhSY pos gre 1, (%) = fo 1, (%) s@USinGeesp* is aezZ.e" fibration 


and po (get, (X)) = £ o 1, (X) , there exists a homotopy 


O25 SZ (x) PEE wlth" gee i, (x) =go i, (*) and peg=EFt. 


Thus® p* is*an»?M!-*«fibration. 


Conversely assume p is an M - fibration and that 


we have a commutative diagram 


02) ee 
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Remark 4.12: If we consider additive categories and take the 


trivial homotopy; systemene se (Ln@rddycdlyObomoddpt} oy e<bg0>) 
given in example 2.3, then the M from the above theorem is a 
subclass of L , the class of all coretractions. In 82.10 

we said that the e - fibrations were the class of all retrac- 
tions. Thus {L-Fib.} ¢ {retractions} . Furthermore it can 
easily be seen that in additive categories a retraction is an 

M - fibration for every family of morphisms M . Thus in addi- 
tive categories the retractions or {L-Fib.} form the smallest 


class of {M-Fib.} . 
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CHAPTER V 


HOMOTOPY, TRIPLES AND ADJOINTNESS 


Sot Lic hoauckions 


In this chapter we introduce cohomotopy systems 
and the resulting homotopy and fibration notions. We see 
that if the cyclinder functor in a homotopy system has an 
adjoint then we may construct a cohomotopy system such that 
the two homotopy notions coincide, and also so do the two 
fibrations notions. We then investigate the relation of 
adjointness to the M- homotopy of chapter IV. Finally we 
briefly mention triples as being a strong form or a cone and 


remark that triples and adjointness are very similar. 


5.2 Cohomotopy Systems. 


Definition 5.1: A cohomotopy system in a category A isa 


> A is a covar- 


quadruple w= (W,D1Py 7k) , Where W: A 


and kK 3 1, > W are 


Sd 


iant functor and PoP, ? W A 


natural transformations of functors with Po k=1= Se | a 


Example 5.2: In every category A there is the trivial 


cohomotopy system w = (1,,1,1,1) : 
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Example 5.3: In T , the category of topological spaces and 

continuous maps we have the usual cohomotopy system 

w= (W, DG 1Py/k) given as follows: Let I be the closed unit 
gnterval {[{0,1) .' Then for <x <€ |T | , define W(X) = xt , the 


> X with the compact open topol- 


set of continuous maps I 


Gay, and ~for ff ‘xX > Y aocontinuous map in T , define 


W(f) : xt > v'dlaby wWhEY Wu (Eb SKE (ule) poEokocgpe xtetand 
tn¢e alcateBory XAc | T | , define Po (X) ; P, (X) : a > X and 
k(X) : X ——> xX? by pi (X)(w) = (0) , p,(X)(w) = w(1) and 


E(X)-(x) = C.. , the constant path at x . Then Dec k=1= 


P, ° k and so we have a cohomotopy system in 7 . 


Example 5.4: Dual to the Eckmann-Hilton injective homotopy 
theory for modules, there is a projective homotopy theory for 
modules. Here, two morphisms are (projectively) homotopic if 
and only if their difference factors through a projective 
module. In a similar way to that of chapter III this theory 
can be shown to be an eoapis of a cohomotopy system in the 


category of modules. 


Definition 5.5: Let w= (W,Po1P/k) be a cohomotopy system 
in a category A . Then for morphisms f,g : X DOYS 2 une 
we say that f is cohomotopte to g,f ~ g(w) , if there 


exists a morphism 9 : X > W(Y) 
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such that Po (Y) °o @¢ = £ and P, (Y) og =F Q . 


Definition 5.6: Let w= (W,PG7 Py 7k) be a cohomotopy system 


in a cateogry A . A morphism p: E > B “in. A -is called 


a w —- ftbratton if for any commutative diagram 


W(E E 
; (E) ~) > 
|e | p 
W(B B 
P. BP, (B) i 


there is a morphism 6: X > W(E) with p (E) ° @=f 


and W(p) ° @= 9. 


5.3 Adjointness and (Co) homotopy. 


Let A,B be categories and Z: A et 


w: B > A be covariant functors. We say that Z is left 


adjoint to W if there is a one-one onto morphism of sets 


6(X,Y)..: HomGe(X) ,v76) > Hom(X,W(Y);A) 


rr 
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forteach thet |Aj+mi vy "% By}. 


6 gives two natural transformations of functors; 


Ones? (ZW 


defined by a(¥) = 0(w(Y),Y) 7 for Ye |B| , and 


defined by 6(X) = 0(x,2(x)) fora (xe Ad: 


Furthermore the functors Z and W and natural trans- 


formations a and §8 satisfy the following two conditions: 


Sortie SHEMagR mane (R)) SAT eet + peexter A | 


Dre (Ld) W(a(¥)) © B(W(Y)) = lucy, Pees Say 
This adjoint situation is usually summarized by writ- 


ing 610,68). 2-2. W. (874) oe 


Let A be an arbitrary category and Zz = (Z,1,7,44 79) 
be a homotopy system in A . Assume that Z is left adjoint 
to some functor W. Let 9,2%,8 be given as above. Then 
following Eckmann-Hilton [4] we may construct a cohomotopy 
system in A as follows: Define pg(X) = 4(X) ° ig (X) , 


2.= 0.1 end “ir = Wietiomee 6D. - for xe {Aj s. rt 
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follows that Po Py : W A and. lk : 1, > W are 
natural transformations of functors. The fact that 
Ba k=12= Py k follows from the following lemma which 


we will need in the remainder of this section. 


Lemma 5.8: For any morphisms f : Z(X) > XY and 
Gq <yX > W(Y) ain A_ we have 
i ep (y)cceWie) eon G(X) (= £0 4 (kK), 4 © = 0,1 


EE OS oan) ee (hy Spy) 8 go ef > 0d. 


PLrOoL AOL (rl) rs Pp, (Y) CMV Pek) = mECy) i, (W(Y)) OW ota) (© 
B(X) = a(Y) ° Z(W(Ef)) ° i. (WZ (Xx) ) e 6(xX) ; (1, is a natural 
transformation) = £ ° a(Z(X)) ° Z(B(X)) ° i. (X) Ce, 2 are 


natural transformations) = f ° 1, (X) Phas Ges fet AB Fs Rp Ne 


Corollay 5.9: w= (W,PQrP 7k) is a cohomotopy system in A . 


Assume that we have a homotopy system, 2Z = (Z,i,,1,,9) 
in a category A andthat Z is left adjoint to a functor W, 
i.e., we have an adjoint situation 6(a,8) : 2 —4 W(A,A) . 
This as above produces a cohomotopy system, w = (W,P1P1/k) in 
A . This then gives us the following propositions concerning 
the z - homotopy and w - cohomotopy relations and also about 


the z- fibrations and the w - fibrations. 
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> Y two morphisms in 


Proposition 5.10: For Lyg'25X 
aye oo G(z) te eand only enc = gw) . 


SY and 


Proof: Assume @ fot iguz) 7 i.e., ¢ 2 Z(X) 


See) = Fy 2 (4) 164m) eRegine ©. 20% > W(Y) by 


@ = W(>) © B(X) . Then using 5:8 (i) we have pace C= 
Pe WO) a Ode = eye (KY =f and” pity) (° “=<, (¥) 
W(d)e o B(X)S=*o *& test Gon, Boers ~ g(w) . The converse 


follows by’ using 5.8 (21).. 


> BB ae. A BS a mz 


PrOpoOsTeion, 5.1 1s A morphism p: E 


PFaDratsOn Ta -anG OnLy Lio te 1a, ay iw - Libration, 


> B isa z- fibration and consi- 


PLEOOL > Assume p: E 


der the following commutative diagram 


Now pc f£ = p(B) o ¢ = a(B) ° 1, (W(B)).° ¢ = a(B) > 2($) 
i, (*) - (i, is a natural transformation), and this gives 


another commutative diagram 
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E 
wr) 
: LZ ; 
1, (%) ead | p 
B 


Z(X) —————————> 
a(B)°Z(¢) 


> E 


Since p isa 2z - fibration, there exists a $' : 2(X) 


with pie ¢"= a(B) ° Z2(¢)*) and= 9" © i, (xX) = £. Now define 


dye & > W(E) by $ = W(o') © 8(X) . Then using 5.8 (i) we 
have: PEME)nt> = ip (EM bint Wy clip (Xjere Wee Wy (Xing p ‘and 
using 5.7 (ii) we have W(p) ° ¢ = W(p) ° W(¢') © B(X) = 

W(ped') ° B(X) = W(a(B)°Z(>)) © B(X) = W(a(B)) © W(Z(>)) © B(X) = 


W(a(B)) ° B(W(B)) ° ¢ = @ . The converse follows in a similar 


Way “usang 52772) vand: 5. 6s. (i3) 5 


Example 5.12: Let A=T , and z= t as given in example 
2.46, then ‘the’ 2 Of 2.4 45 Vert. ddjgoint to; ‘the W of Sak 
Using the homotopy system t andthe fact that Z is left 
adjoint to W , we may construct a cohomotopy system w. This 


w is exactly the cohomotopy system described in 5.3. 


Example 5.13: Let C(A) be the category of chain complexes 
of an abelian category A . Then we have the homotopy system 
z= (Z,4i571,,4) in C(A) defined in example 2.5. The functor 


Z has an adjoint W defined as follows: For (X,9) « |C(A)|, 
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a : Xn —_> Xn-1 , Let W(X) = Xn ) x 3) Xo+1 and 
6 W(X), > W(X) 4 be given by 

P) 0 0 

n 

' = 
éf 0 On 0 
0 1 -9 
Xn n+1 


Ter AWC); © Pera Guan) of pee of is X > Y is a chain map 


THOLE(A) 7 FLEtCMOWKE) SD WX) > W(Y) be the chain map given 


by W(t), = f 6 th ®@ fot+l elt 1s ‘Gasily seen that Zz is 


left adjoint to W and thus by the above we may define a co- 


n 


homotopy system, w = (W,PGrP 7k) yin’ CXAhk Such’ that’ the 
Z - homotopy relation coincides with the w - cohomotopy rela- 


Gion* 


We make one further application of adjointness to 
that of M - homotopy, as described in chapter IV. Assume we 
have an adjoint situation 9(a,8) : Z —{ W(8,A) . Let My 


be the class of all .a(¥): -2W(yY) > W opthorrivee [Bl- tvand 


Mg be the class of all 8(x) : X > WOGX) Uy for . Ki etal. 
Let Ng : A > A/Me aed fe B > B/M 1 Te ? A > A/~ (Ma) 
and 1, : B > B/~ (My) be the natural projections. 

Theorem 5.14: The quotient categories A/Me and B/My are 


isomorphic. 
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Proof: Let a6. (Senne Me - We claim that (n°2) (B(x) ) is 


an isomorphism in B/M : 


S 
B/M 


Deo) eel Svasgmorphism in, 6 and by 5.7 (1) a(Z(X)) is a 
left anverse for Z(B(X)) and a(Z(X)) is in My - Thus by 
remark 4.2 we may assume that 2Z(8(X)) is also in My i 

Thus Ny (2 (BCX) )) is an isomorphism in B/M and by the defin- 


ition of the quotient category there exists a unique 


Ans A/Ma > B/My with A ° Dik a Disuhe Z . Similarly there 


exists a unique I : B/M y a A/M WiGhY MIs out) oe Hl aes Zi ai 
Then using the uniqueness of A and I we obtain Ac T=1 
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Corollary 5.15: The resulting homotopy categories A/~ (Ma) 


and B/~(M,) are isomorphic. 


5a 4 Adjointness and Cones. 


Let Zz = (Z,i,,i,,q) be a homotopy system in a 
category A and assume that Z is left adjoant.to, a functor 


W , i.e., we have an adjoint situation, 9(a,8) : 4 — W(A,A) . 
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By the previous section we can construct a cohomotopy system 
w= (W,P 7 P 7k) - The homotopy system z gives a pre cone 
(C,i) in A _ by 82.5, while the cohomotopy system gives a pre 
path (P,1) , (a pre path is a pair (P,1) , where P : A —>A 


is a covariant functor and 7 : P 


> TA is a natural 
transformation of functors). Then the results of the previous 


section give: 


Corollary 5.16: 
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homotopic with respect to the pre cone (C,i) if and only if 


it is null homotopic with respect to the pre path (P,T) . 


Remark 5.18: A cone (C,i,p) ina category A was defined 


an 2.20%» Wexsay «that-accone, (C),d,p)), riseayirepite.if 
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Dually we have the notions of path and cotrtple. 


If we have an adjoint situation 6(a,8) : Z —{ W(B,A) , 


then (WeZ,8,WceacZ) is a triple in A _, induced by the adjoint 
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Situation. Also there is a cotriple (Z°W,a,Z°fRe°W) induced 
in B. Furthermore, every triple and cotriple is induced in 
this way from some adjoint situation, as follows: Let (C,i,p) 


be a triple in A and let C(A) be the full subcategory of 
Sr CCA) 


AY withvobjectS C(A) For A <« |A| . Then CG: A 


is left adjoint to the inclusion functor I : C(A) SAG 


PHen the pnducedutriple. (ToCes,leacC)..,is simply ,(C,i,p) . 


For the homotopy system given in chapter II the result- 
ing pre cones are actually not just cones but triples. The 
method used in constructing the Eckmann-Hilton injective homotopy 
system for modules was to obtain a triple and this in additive 


categories will be seen to be more than sufficient to determine 


a homotopy system. 
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CHAPTER VI 


HOMOTOPY SYSTEMS IN ADDITIVE CATEGORIES 


Gat wntroduction: 


This chapter contains a detailed description of 
homotopy systems in additive categories. We first observe that 
homotopy systems are equivalent to pre cones in additive cate- 


gories. This is actually a very weak condition since for any 


category A , any covariant functor C: A > A with 


sao > C(X) the zero map for 


Pa CLVeN DY stay. eX 
all x e« |A| determines a pre cone (C,i) . Thus we make the 
added requirement that the pre cone be a cone. This is nota 
very stringent requirement because all of the usual examples 
satisfy this. Also for additive categories this is equivalent 

to the condition that a homotopy system be a natural homotopy 
system. Because of this condition, it follows that the homotopy 
theory in additive categories is primarily concerned with the 
study of certain classes of objects, in particular the contracti- 
ble objects, as determined by a cone. All our categories are 


assumed to be additive in this chapter. 


6.2 Homotopy Systems. 


Let z= (Z,i571, 79) be a homotopy system in an addi- 


tive category A . Then since q is a retraction with coretracts 


to Moitgitoeeb: pelisteb 5 | enipane? esianeto leg 
todas sviseedo taxit SW -eeitopesso. ovisibbs at crabs 


“9t59 SVESLDBS. rk 25n0D. ote oF anelevtups ous a 2: 
YS xOF soni nota bAoo t8eW yer & Ni isudos a ae 

Htiw A" sins Oh gi tosonwt Jastieves: ne 
im! ee ye fovee mn nee 
artt sism owendt . . ‘toy “ itoo org 5 BE ep am sulk 1 


40% gem ores! sd (K)2 $ 


& ton ei aint ene Bi ad noo eng on dens by et bape 


eo fumes Lewess pe to tie seuaced dnbiosiupes daopanste | 
tneleviwpe ek aids abixe pedao “SvESEbbs x02 oats abe setae a 
( hey a ,. 7 


yqos omor Seww2e0) 5. ad oveve yeoromor & sass sotsaonee arid os hs | 


yqosonmerd, odd sadt awolLod Si, sHt0t¥EbACS ains to 


oad dtiw beazeon0. vtiammiayy et eatropesae evisiaie mk b yxoasts BR 7 

- 

~ttoswiinos Eyed reluotsisq ak vad ostdo to esaenlo ni s2799 to ybude oa ot it 
gas aoixovesss Sd irom Lik 21109 & vd bankmsseb 25 vatostdo old am 


axedqads aint at ‘evistibs 28 os bomees | ore 


=) SAl< 


igi: we may write Zs. aSpo1.@) Cp, iy as {1,3,} j i, as 


>A 


{1,3} end» @ 86 #<igEearatorran covariant, functorceC.<A 
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be rewritten as 
Zo (1,9C, {1,5,},11,3,},<1,r>) 


Also,given this homotopy system z , we may form a new homotopy 


System from it, 2" by 


z'= (1,9C,{1,0},{1,5,-i,},<1,0>) 
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gories the study of homotopy systems is equivalent to the study 


of pre cones. 
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Conversely if g-f = 7 © i(A) , for some morphism 
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lence relation among the morphisms in A. 


We defined in definition 4.5 a natural homotopy system 
and then commented on the relation between a homotopy system 
being natural and the resulting pre cone being a cone. For addi- 
tive categories this problem is completely solved by the follow- 
ing proposition of Seeback [17]. The proof is computational and 


is omitted here. 
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Proposition 6.4: Letz= (1,eC,{1,0},{1,i},<1,0>) be a 
homotopy system in an additive category A . Then z isa 


natural homotopy system if and only if the pre cone (C,i) is 


eccually a cone: (C,2;,p) .. 


Theorem 6.5: Let (C,i,p) be a cone in an additive category 
A. Let C = {C(A) : Ac |A|}. Then the set of contractible 
objects in A is the set of all direct sums of direct factors 
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(TeT') © <Cil,,0},c{0,1, }> ° {C<1,,0>,C<0,1, >} o Gi (n@1 CE). 
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Thus 1, factors through, C(JeL) and so K is contractible. 
Corollary 6.6: Lt (Cy) ss a.cone ini"an additive category 


A , then a morphism is null homotopic if and only if it factors 
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Lemma 6.7: Let (C,i,p) be a cone in an additive, category 


A ..-Then if a-morphism f : A > BIPinewAr Usi a homotopy. 
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Also. <£",=P-> © {6,765} ogee = <h, taee = and ance 
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Corolbary 6.3): Let (C,i,p) be a cone in an additive category 
A . Then two objects A and B in A _ are homotopically equiva- 
lent if and only if there exists contractible objects K and J 
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Thus for natural homotopy systems or cones in addi- 
tive categories, two morphisms are homotopic if and only if 
their difference factors through some contractible object. 
And,a morphism is a fibration if and only if it has the homo- 
topy lifting property if and only if it has the lifting proper- 


ty with respect to all contractible objects. 


Example 6.11: For the trivial homotopy system of example 2.2 
with cone (0,0,1,) two morphisms are homotopic if and only if 


they are equal. The only contractible object is the zero object 
and every morphism is a fibration. In the opposite trivial 
homotopy system of example 2.3 with cone (1,1,1) all morphisms 
(with the same domain and range) are homotopic to each other. 


Every object is contractible and the fibrations are the retrac- 


tions. 
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Example 6.12: For the Eckmann-Hilton injective homotopy 
system described in chapter III, the contractible objects are 
the injective modules. Two morphisms are homotopic if and 
only if their difference factors through an injective module 
and the fibrations are the morphisms with the lifting property 


with respect to any injective module. 


Example 6.13: In example 2.5 and 5.13 we described a homotopy 
system and a cohomotopy system in the category of chain complexes 
of an abelian category. In these systems the contractible objects 
are the usual contractible chain complexes and two morphisms are 


homotopic iff they are chain homotopic in the usual sense. 


Example 6.14: Dual to the Eckmann-Hilton injective homotopy 
system, there is the projective cohomotopy system or path, 
actually a cotriple, mentioned in example 5.4. In this system 
the contractible objects are the projective objects with two 
morphisms being homotopic if and only if their difference factors 


through some projective object. 


6.4 Contractibility and Quotient Categories. 


Let (C,i,p) “be a.cone in an’additive category A. 


Let M be the family of all coretractions f : A >{tB., in A 
such that the cokernel of f , B/f(A) , is contractible. This 


family M gives a quotient category, (A/M,n) , as discussed in 
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chapter IV. Arising from this quotient category we have the M - 
homotopy relation where f Srog(M)he means: an(£) = mi(g)e for 
morphisms f,g in A , and the M - homotopy category 


A/~(M) . For additive categories we have the following theorem. 


Theorem 6.15: The homotopy relation as defined from the cone 
(C,i,p) is the same as the homotopy relation as defined from 


the quotient category (A/M,n) 


PLEOOE * Weruse theorem 4.4 to prove this. Let the cone be 
written as a natural homotopy system z = (1,@C,{1,0},{1,il, 
<1,0>) . Then it is necessary to prove two things: First that 
n(<1,,0>) is an isomorphism in A/M for each object A in A 
and second that f is a homotopy equivalence with respect to Zz 
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{1,,0} and so n({1, ,0})°n(<1,,0>)on({1,,0}) = n({1,,03) and 
applying J to both sides gives n(<1,,0>) an isomorphism with 


inverse n({1,,0}) 
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since we are in an additive category we may write f = {1,,0} 
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<1,,0>°{1,,0} = 1, , and idarOhe<1, ,0> - (1,00) eS (1,01,) ; 
since 0 1, factors through the contractible object K 


so) £ = {1,70} is a homotopy equivalence with respect to z 


Let N = {retractions with contractible kernel} 
Then the quotient categories A/M , A/N and A/MUN are all 
the same and the resulting homotopy categories are the same as 
that defined via the cone or the contractible objects. It also 


follows that the M - fibrations are the usual fibrations. 


We proved in lemma 4.3 that if a family of morphisms 
M is a sub-family of the set of all retractions and the core- 
tractions, then the quotient category of A by M, (A/M,n) , 
is the same as the resulting homotopy category determined by 
M , A/~(M) . Thus the homotopy categories determined from a 
cone or a natural homotopy system are quotient categories or 


categories of fractions. 
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